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Abstract. We introduce semi-invariant Riemannian submersions from almost 
Hermitian manifolds onto Riemannian manifolds. We give examples, investi- 
gate the geometry of foliations which are arisen from the definition of a Rie- 
mannian submersion and find necessary-sufficient conditions for total mani- 
fold to be a locally product Riemannian manifold. We also find necessary and 
sufficient conditions for a semi-invariant submersion to be totally geodesic. 
Moreover, we obtain a classification for semi-invariant submersions with to- 
tally umbilical fibers and show that such submersions put some restrictions on 
total manifolds. 



1. Introduction 

A Riemannian submersion is a smooth submersion F : M\ — > M2 between two 
Riemannian manifolds (Mi,g±) and (A/2,52) with the property that at any point 

pe Mi, 

9i P (x,y) = g 2 F(p)(F*(x),F*(y)) 
for any x, y in the tangent space T p M\ to Mi at p £ Mi, that are perpendicular to 
the kernel of F* . 

Riemannian submersions between Riemannian manifolds were studied by O'Neill 
[9] and Gray [6]. Later such submersions have been studied widely in differential 
geometry. Riemannian submersions between Riemannian manifolds equipped with 
an additional structure of almost complex type was firstly studied by Watson in 
[11) . Watson defined almost Hermitian submersions between almost Hermitian 
manifolds and he showed that the base manifold and each fiber have the same kind 
of structure as the total space, in most cases. More precisely, let Mi be a complex 
m— dimensional almost Hermitian manifold with Hermitian metric g\ and almost 
complex structure J\ and M2 be a complex n— dimensional almost Hermitian ma- 
nifold with Hermitian metric <?2 and almost complex structure J2. A Riemannian 
submersion F : Mi — ► M2 is called an almost Hermitian submersion if F is an 
almost complex mapping, i.e., F* J± — J2-F 1 *- The main result of this notion is that 
the vertical and horizontal distributions are J\— invariant. On the other hand, 
Escobales [4] studied Riemannian submersions from complex projective space onto 
a Riemannian manifold under the assumption that the fibers are connected, comp- 
lex, totally geodesic submanifolds. In fact, this assumption also implies that the 
vertical distribution is invariant with respect to the almost complex structure. We 
note that almost Hermitian submersions have been extended to the almost contact 
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manifolds 3 , locally conformal Kahler manifolds [8 and quaternion Kahler mani- 
folds 0. 

All these submersions mentioned above have one common property. In these 
submersions vertical and horizontal distributions are invariant. Therefore, recently 
we have introduced the notion of anti-invariant Riemannian submersions which are 
Riemannian submersions from almost Hermitian manifolds such that their vertical 
distribution is anti-invariant under the almost complex structure of the total ma- 
nifold, [TO]. 

In this paper, we introduce semi- invariant Riemannian submersions as a ge- 
neralization of anti-invariant Riemannian submersions and almost Hermitian sub- 
mersions when the base manifold is an almost Hermitian manifold. We show that 
such submersions are useful to investigate the geometry of the total manifold of the 
submersion. 

The paper is organized as follows. In section 2, we give brief information about 
almost Hermitian manifolds, Riemannian submersions and distributions which are 
defined by the Riemannian submersion. In section 3, we define semi- invariant 
Riemannian submersion, give examples and investigate the geometry of its leaves. 
Then we use these results to obtain decomposition theorems for the total manifold. 
We also find necessary and sufficient conditions for semi-invariant submersions to 
be totally geodesic. In section 4, we first show that the notion of semi- invariant 
submersions puts some restrictions on the sectional curvature of the total manifold 
when it is a complex space form. Then we obtain a classification theorem of semi- 
invariant submersions with totally umbilical fibers. 



2. Preliminaries 

In this section, we define almost Hermitian manifolds, recall the notion of Rie- 
mannian submersions between Riemannian manifolds and give a brief review of 
basic facts of Riemannian submersions. 

Let (M, g) be an almost Hermitian manifold. This means [13] that M admits a 
tensor field J of type (1, 1) on M such that, VX, Y £ T(TM), we have 

(2.1) J 2 = -I, g(X,Y)=g(JX,JY). 
An almost Hermitian manifold M is called Kahler manifold if 

(2.2) (V X J)Y = 0,VA,F er(TM), 
where V is the Levi-Civita connection on M. 

Let (M™,gi) and (M^ 1 ,^) be Riemannian manifolds, where dim(Mi) — m, 
dirni^M^) — n and m > n. A Riemannian submersion F : Mi — > M2 is a map 
from Mi onto M2 satisfying the following axioms: 

(51) F has maximal rank. 

(52) The differential F* preserves the lenghts of horizontal vectors. 
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For each q G M 2 , F -1 ^) is an (m — n) dimensional submanifold of M\. The 
submanifolds F^ 1 (q), q G M2, are called fibers. A vector field on Mi is called 
vertical if it is always tangent to fibers. A vector field on Mi is called horizontal 
if it is always orthogonal to fibers. A vector field X on Mi is called basic if X is 
horizontal and F— related to a vector field X* on M 2 , i.e., F^Xp = A„ F ( p ) for all 
p G Mi. Note that we denote the projection morphisms on the distributions kerF* 
and (fcer/F*)- 1 by V and H, respectively. 

We recall the following lemma from O'Neill [5]. 

Lemma 2.1. Le£ i* 1 : Mi — > Mi be a Riemannian submersion between Riemann- 
ian manifolds and X, Y be basic vector fields of Mi . Then we have 

(a) gi(X,Y)=g 2 (X*,Y*)oF, 

(b) the horizontal part [X,Y] n of [X, Y] is a basic vector field and corresponds 
to [X.,Y m ], i.e., F.([X,Y\ n ) = 

(c) [V, X] is vertical for any vector field V of kerF* . 

(d) (Vj^y)^ is the basic vector field corresponding to V x Y*, 

1 2 

where V and V are the Levi-Civita connections of gi and g 2 , respectively. 

The geometry of Riemannian submersions is characterized by O'Neill's tensors 
T and A defined for vector fields E, F on Mi by 

(2.3) A E F = HV 1 nE VF + VV 1 nE HF 

(2.4) T E F = UV VE VF + VV VE HF. 

It is easy to see that a Riemannian submersion F : M\ — > M 2 has totally geo- 
desic fibers if and only if T vanishes identically. For any E G T(TMi), Te and 
Ae are skew-symmetric operators on (T(TMi),g) reversing the horizontal and the 
vertical distributions. It is also easy to see that T is vertical, Te — Tve and Ae is 
horizontal, Ae = A-he- We note that the tensor fields T and A satisfy 



(2.5) TuW = T W U,VU,W £T(kerF*) 

(2.6) A X Y = -AyX = ^V[X,Y],VX,Y e r((fcerF,) ± ). 
On the other hand, from (|2.3I) and (|2.4p we have 

(2.7) VyW = T V W + \7 V W 

(2.8) VyX = HV v X + TvX 

(2.9) V X V = AxV + VVxV 

(2.10) V X Y = HV X Y + A X Y 



for X,Y G r((fcerF >t ) ± ) and V,W £ T{kerF*) 7 where WW = VV^VF. If X is 
basic, then ^V^A = „4 X ^- 

Finally, we recall the notion of the second fundamental form of a map between 
Riemannian manifolds. Let (Mi,<7i) and (M 2l g 2 ) be Riemannian manifolds and 
suppose that ip : Mi — > M 2 is a smooth map between them. Then the differential 
tp* of ip can be viewed as a section of the bundle Hom(TM\, p~ 1 TM 2 ) — > Mi, 
where p~ x TM 2 is the pullback bundle which has fibers (p~ 1 TM 2 ) p = T v ^M 2 ,p G 
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M\. Hom(TMi, ip 1 TMi) has a connection V induced from the Levi-Civita con- 
nection V and the pullback connection. Then the second fundamental form of (p 
is given by 

(2.11) (V^)(X Y) = V x tp.(Y) - tp^xY) 

for X. Y e r(TMi), where V v is the pullback connection. It is known that the 
second fundamental form is symmetric. 



3. Semi-invariant Riemannian submersions 

In this section, we define semi-invariant Riemannian submersions from an almost 
Hcrmitian manifold onto a Riemannian manifold, investigate the integrability of 
distributions and obtain a necessary and sufficient condition for such submersions 
to be totally geodesic map. We also obtain two decomposition theorems for the 
total manifolds of such submersions. 

Definition 3.1. Let Mi be a complex to— dimensional almost Hermitian manifold 
with Hermitian metric gi and almost complex structure J and Mi be a Riemannian 
manifold with Riemannian metric gi. A Riemannian submersion F : Mi — > Mi is 
called semi-invariant Riemannian submersion if there is a distribution T>i C fcerF* 
such that 

(3.1) kerF*=Vi®V 2 
and 

(3.2) J(Vi) = T>i, J(V 2 ) C (kerF*) x , 
where T>i is orthogonal complementary to T>i in kerF* . 

We note that it is known that the distribution kerF* is integrable. Hence, above 
definition implies that the integral manifold (fiber) F^ 1 (q), q e Mi, of kerF* is a 
CR-submanifold of Mi. For CR-submanifolds, see: [T], [2] and [T^]. We now give 
some examples of semi-invariant Riemannian submersions. 

Example 1 . Every anti-invariant Riemannian submersion from an almost Hermit- 
ian manifold onto a Riemannian manifold is a semi-invariant Riemannian submer- 
sion with 2?i = {0}. 

Example 2. Every Hermitian submersion from an almost Hermitian manifold onto 
an almost Hermitian manifold is a semi-invariant submersion with T>i = {0}. 

Example 3. Let F be a submersion defined by 

F : R 6 — > R 3 

(xi,x 2 ,x 3 , Xi ,x 5 ,x 6 ) (ffl^a a^p,£^p). 

Then it follows that 

kerF* — span{Vi = —dxi + dxi, V% = —dx^ + 8x5, V3 = —8x4 + Oxq} 

and 

(kerF*) x = span{Xi = dxi + dxi,Xi = dx^ + 8x5, X3 = dx^ + 9x6}. 
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Hence we have JV2 = V3 and JVi = —X\. Thus it follows that V\ = span{V2, V3} 
and T>2 — span{Vi}. Moreover one can see that fi = span{X 2 , X3}. By direct 
computations, we also have 

g R e(JV u JVi) =g R s(F4JV 1 ), F^JV^), g R e (X 2 ,X 2 )= g R 3 (.F* (X 2 ) , F* (X 2 ) ) 

and 

g R s(X 3 ,X 3 ) = g&{F.(X 3 ),F,(X 3 )), 

which show that F is a Riemannian submersion. Thus F is a semi- invariant Rie- 
mannian submersion. 

We now investigate the integrability of the distributions T>\ and 2? 2 - Since fibers 
of semi-invariant submersions from Kahler manifolds are CR-submanifolds and T 
is the second fundamental form of the fibers, the following results can be deduced 
from Theorem 1.1 of [H p. 39]. 

Lemma 3.2. Let F be a semi-invariant Riemannian submersion from a Kahler 
manifold (Mx,g\,J\) onto a Riemannian manifold (M 2 ,g 2 ). Then 

(i) the distribution T>2 is always integrable. 

(ii) The distribution T>\ is integrable if and only if 

9l (T x JY-T Y JX, JZ)=0 

for X,Y e r(X>i) and Z G T(V 2 ). 

Let F be a semi- invariant Riemannian submersion from a Kahler manifold (Mi, g\, J) 
onto a Riemannian manifold (M 2 ,g 2 )- We denote the complementary distribution 
to JT>2 in (kerF*) 1 - by fi. Then for V £ T(kerF^), we write 

(3.3) JV = <j)V + uV, 

where (j>V G T(V X ) and ujV G T(JV 2 ). Also for X G r((fcerF» ! ) ± ), we have 

(3.4) JX = BX + CX, 

where BX G T(V 2 ) and CX G T(fi). Then, by using (O, (O, dHZJ) and (JUJ) we 

get 

(3.5) (Vy^)VF = S7VW-7^uM" 

(3.6) (V v uj)W = CT v W-Tv<f>W, 

for V, W G T(A:erF*), where 
and 

(Vyu;)iy = HVywW - uV v W. 

The proof of the following proposition can be deduced from Theorem 5.1 of [TJ 
p.63]. 

Proposition 3.3. Let F be a semi-invariant Riemannian submersion from a Kahler 
manifold (Mi, (71, J) onto a Riemannian manifold {M 2 ,g 2 ). Then the fibers of F 
are locally product Riemannian manifolds if and only if (Vy0)VF = for V, W G 
T(kerF*). 
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We now obtain necessary and sufficient conditions for a semi- invariant sub- 
mersion to be totally geodesic. We recall that a differentiable map F between 
Riemannian manifolds (Mx,g±) and (A/2, 52) is called a totally geodesic map if 
(VF*)(X,F) = for all X,Y g T{TM{). 

Theorem 3.4. Let F be a semi-invariant submersion from a Kahler manifold 
(M±,g±,J) onto a Riemannian manifold {M^g^). Then F is a totally geodesic 
map if and only if 

(a) V x <j)Y + T x coY and V X BZ + T X CZ belong to V x . 

(b) HV x wY + Tx4>Y andTxBZ + UV X CZ belong to JV 2 
for X,Y g T{kerF*) and Z g T{{kerF^). 

Proof. First of all, since F is a Riemannian submersion we have 

(3.7) (VF*)(Z X ,Z 2 ) =0,VZ 1 ,Z 2 er((fcerF,) X ). 

For X,Y e T(kerF^), we get (VF*)(X,F) = -F,(V^F). Then from fl^S) we get 
(VF m )(X,Y) = F*(JV X JY). Using (O we have (VF*)(X,F) = F*(JV^F + 
JV^-wF). Then from (pTTl) and (ETgj) we arrive at 

(VF*)(X,Y) = F*(J(V X (/>Y + T x cj>Y + HV x uY + T x ojY)). 
Using (|3.3p and (|3.4p in above equation we obtain 

(VF*)(X,F) = F*(c£Vx0F + cjV^F + F73c0F 
+ CT x <pY + BUVxuY + CUV x ljY 
+ 4>T x ujY + u)T x u)Y). 

Since <t)V x <f)Y + BT X (j)Y + (f>T x ujY + BHV x u>Y g r(fcerF«), we derive 

(VF*)(X,F) = F*(uVx<f>Y + CTx<l>Y 

+ CHV x ujY + ujT x loY). 

Then, since F is a linear isometry between (kerF*) 1 - and TM2, (VF*)(X, F) = if 
and only if cjVx^F + CT^F + CHV^wF + ujT x ujY = 0. Thus (VF*)(JT, F) = 
if and only if 

(3.8) td(V x ^ + 7>wF) = 0, C(T x cj)Y + W7 % x uY) = 0. 

In a similar way, for X g r(fcerF*) and Z g r((/cerF» : )- L ), (VF,)(X, Z) = if and 
only if 

(3.9) uj{V x BZ + TxCZ) = 0, C(T X BZ + HV X CZ) = 0. 

Then proof follows from ([37T ) -([3T9" ]) . □ 

We now investigate the geometry of leaves of the distribution (kerF*) 1 - . 

Proposition 3.5. Let F be a semi- invariant submersion from a Kahler manifold 
(Mi, (71, J) onto a Riemannian manifold (M 2 ,g 2 )- Then the distribution (kerF*) 1 - 
defines a totally geodesic foliation if and only if 

a Zi bz 2 + nv Zl cz 2 e r(/i), A Zl cz 2 + vv Zl z 2 g v{v 2 ) 

for Zi,Z 2 gr((feerF) x ). 
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Proof. From ([21]) and (J221) we have Z 2 = -JV Zi JZ 2 for Z X ,Z 2 E r((fcerF*)- L ). 
Using (J3U), ([21]) and ([2TU|) we obtain 

V Zl Z 2 = -J(A Zl BZ 2 + VV Zl BZ 2 ) 

- J(HV Zl CZ 2 +A Zl CZ 2 ). 

Then by using (|3.3|) and (|3.4[) we get 

V Zl Z 2 = -BA Zl BZ 2 - CA Zl BZ 2 + (j>VW Zl BZ 2 

- loVV Zi BZ 2 - BUV Zl CZ 2 - cnv Zl cz 2 

- 4>A Zl CZ 2 - ujA Zi CZ 2 . 

Hence, we have V z Z 2 6 T((kerF*) ± ) if and only if 

-BA Zl BZ 2 - <f>VV Zl BZ 2 - BHV Zi CZ 2 - (f>Az 1 CZ 2 = 0. 
Thus y Zl Z 2 E r((fcerF») ± ) if and only if 

B(A Zl BZ 2 + HV Zl CZ 2 ) = 0, 0(VV Zl BZ 2 + A Zl CZ 2 ) = 



In a similar way, we have the following result. 

Proposition 3.6. Let F be a semi-invariant Riemannian submersion from a Kahler 
manifold (Mx,g\,J) onto a Riemannian manifold (M 2 ,g 2 ). Then the distribution 
kerF* defines a totally geodesic foliation if and only if 

T Xl 4>X 2 + UV Xi ujX 2 e T(JV 2 ), V Xl 4>X 2 + T Xl uX 2 e r(x» x ) 

for Xi,X 2 € r(fcer^). 

From Proposition 13.61 we have the following result. 

Corollary 3.7. Let F be a semi-invariant Riemannian submersion from a Kahler 
manifold (M\,gi, J) onto a Riemannian manifold (M 2 ,g 2 ). Then the distribution 
kerF* defines a totally geodesic foliation if and only if 



forX 1 ,X 2 S r(kerF*), Z e T(V 2 ). and W G T(jm). 

Proof. ForXi,X 2 S T(kerF«), V Xl (f>X 2 +T Xl uX 2 e r(2?i) if and only if gi(V Xl (j>X 2 + 
T Xi luX 2 ,Z) = for Z eT(V 2 ). Skew-symmetric T and $F7$ imply that 



which completes proof. 



□ 



S2((Vf»)(Ii,I 2 ),f,(^)) = 0, 
g 2 ((VF*)(Xi,uX 2 ),F*(W)) = - 



gi(T Xl W,ct>X 2 ) 



gi(V Xl 4>x 2 + t Xi ujX 2 , z) 



gi (V Xl <f>X 2 ,Z) 
gi(u>X 2 ,T Xl Z). 



Hence we have 



gi(V Xl (f>X 2 + T Xi ujX 2 , Z) 



- 9l ((j>X 2 ,V Xl Z) 
g 1 (u:X 2 ,T Xl Z). 



Using again ()2.7|) we get 



gi{V Xl (f>X 2 + T Xi ujX 2 , Z) 



- 9l (JX 2 ,V Xl Z 
gi [wX 2 ,T Xl Z). 
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Hence we have 

gi {V Xl cf>X 2 + T Xl uX 2 , Z) = - gi (JX 2 , V Xi Z). 
Then from (|2.2p we derive 

gi{V Xl <t>X 2 + T Xi loX 2 , Z) = 9l (X 2 , V Xl JZ). 

Thus we have 

gi {V Xl <pX 2 + T Xi ojX 2: Z) = - gi (V Xl X 2 , JZ). 
Then Riemannian submersion F implies that 

9l {V Xl <f>X 2 + T Xl uX 2 ,Z) = -g 2 (F*(V Xi X 2 ),F*(JZ)). 
Using (j2~TTj) we get 

(3.10) gx{V Xl (t>X 2 + T Xl uX 2 , Z) = 52 ((VF,)(X 1 ,X 2 ),F,(JZ)). 

On the other hand, for X\ , X 2 G T(kerF^), T Xl (f)X 2 + HV Xl U)X 2 G Y( JV 2 ) if and 

only if g i(T Xl (t)X 2 + H\? Xi ujX 2 , W) — for W G r(^). Since T is skew-symmetric, 
we have 

gi(T Xl cf>X 2 + HV Xl uX 2 ,W) = - g i(<j>X 2 ,T Xl W) 

+ 9i (V Xi ujX 2 ,W). 

Since F is a Riemannian submersion, we get 

gi(T Xl <f>X 2 + HV Xl uX 2 ,W) = - 9l (4>X 2 ,T Xl W) 

+ g 2 (F,(V Xl ujX 2 ),F,W). 

Then from (|2.1ip we arrive at 

gx (T Xl 4>X 2 +UV Xl uX 2 ,W) = -gi(4>X 2 ,T Xl W) 

(3.11) + 92 (-(VF*)(X u ljX 2 ),F*W). 

Thus proof follows from (|3~TU|) . fXTTI) and Proposition EU □ 

From Proposition 13.31 and Proposition 13.51 we have the following. 

Theorem 3.8. Let F be a semi-invariant submersion from a Kahler manifold 
(M±,g±,J) onto a Riemannian manifold (M 2l g 2 ). Then Mi is locally a product 
Riemannian manifold Md 1 X Mp 2 x M^ kerF ^± if and only if 

(V</>) = on kerF* 

and 

A Zl BZ 2 + ■HV 1 Zi CZ 2 g T{n), A Zl CZ 2 + V^ Z Z 2 g T(V 2 ) 
for Zi,Z 2 G r((fcerF, t )- L ), where M-p ls Mp 2 and M^ kerF ^± are integral manifolds 
of the distributions X>\, T> 2 and (kerF*)- 1 . 

Also from Corollary 13.71 and Proposition 13.51 we have the following result. 

Theorem 3.9. Let F be a semi-invariant submersion from a Kahler manifold 
(M±,gi,J) onto a Riemannian manifold (M 2l g 2 ). Then Mi is locally a product 
Riemannian manifold Mk er F t x M^ kerFt ^ if and only if 

g 2 ((VF*)(Xi,X 2 ),F*(JZ)) = 0, 

g2{{VF,)(X 1 ,uX 3 ),F.(W)) = -gi(T Xl W,4>X 2 ) 
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and 

A Zl BZ 2 + n\7 1 Zl CZ 2 e T(^,A Zl CZ 2 + W Zl Z 2 e T(V 2 ) 

for X U X 2 £ Y(kerF^), W G T(fi), Z E T{V 2 ) and Z X ,Z 2 E T^kerF^), where 
MkerF, and M( kerF ^± are integral manifolds of the distributions kerF* and (kerF*) A 

4. Semi-invariant submersions with totally UMBILICAL FIBERS 

In this section we give two theorems on semi- invariant submersions with totally 
umbilical fibers. First result shows that a semi- invariant submersion puts some 
restrictions on total manifolds. Also we obtain a classification for such submersions. 
Let F be a Riemannian submersion from a Riemannian manifold onto a Riemannian 
manifold (M 2 ,g 2 ). Recall that a Riemannian submersion is called a Riemannian 
submersion with totally umbilical fibers if 

(4.1) TxY = 9l (X,Y)H 

for X, Y E T(kerF^), where H is the mean curvature vector field of the fiber. We 
also recall that a simply connected complete Kahler manifold of constant sectional 
curvature c is called a complex space-form, denoted by M(c). The curvature tensor 
of M(c) is 

R(X,Y)Z = ^[g(Y,Z)X-g(X,Z)Y + g(JY,Z)JX 

(4.2) - g (JX, Z)JY + 2g{X, JY)JZ] 

for X, Y, Z E T(TM). Moreover, from [9] we have the following relation for a 
Riemannian submersion 

(4.3) g 1 (R 1 (X 1 ,X 2 )X s ,Z) = 9l ((Vx 2 T) Xl X 3 ,Z) - gi ((W Xl T)x 2 X 3 ,Z) 

for Xi,X 2 , X$ E T(kerF^) and Z E r((fcerF*)- L ), where R 1 is the curvature tensor 
field of Mi and (VT) is the covariant derivative of T. 

By using (jlTl) . (l4T2")l and P~5]l . as in CR-submanifolds, see: Theorem 1.2 of [TJ 
p. 78], we have the following result. 

Theorem 4.1. Let F be a semi- invariant submersion with totally umbilical fibers 
from a complex space form (Mi (c), <?i, J) onto a Riemannian manifold (M 2 ,g 2 ). 
Then c = 0. 

Wc now give a classification theorem for semi- invariant Riemannian submersions 
with totally umbilical fibers. But we need the following result which shows that the 
mean curvature vector field of semi-invariant Riemannian submersions has special 
form. 

Lemma 4.2. Let F be a semi-invariant submersion with totally umbilical fibers 
from a Kahler manifold (Mi,gi,J) onto a Riemannian manifold (M 2 ,g 2 ). Then 
HET(JV 2 ). 

Proof. Using (2J}, $T2$>, IpTf]) . (j3~3ll and (031) we get 

t Xi jx 2 + v Xi jx 2 = bt Xi x 2 + cr Xl x 2 + ^v Xl x 2 + uv Xl x 2 

for Xi,X 2 E r(Di). Thus, for W E T(fj,), we obtain 

9i{T Xl JX 2 ,W) = 9l (CT Xl X 2 ,W). 
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Using (|4.1|) we derive 

gi (Xt , JX 2 ) 9l (H, W) = gi(JT Xl X 2 ,W). 

Hence we have 

g l {X l ,JX 2 )g l {H,W) = -gi(T Xl X 2 , JW). 
Using again (|4.ip we arrive at 

(4.4) g 1 (X 1 ,JX 2 )g 1 (H,W) = -gx(X u X 2 )gi(H, JW). 
Interchanging the role of X\ and X 2 , we obtain 

(4.5) g 1 (X 2 ,JX 1 )g 1 (H,W) = -g 1 (X 2 ,X 1 )g 1 (H,JW). 
Thus from (|4~4| and (|4~5|) we derive 

g 1 (X 1 ,X 2 )g 1 (H, JW) = 

which shows that H G T(JT> 2 ) due to p, is invariant distribution. □ 

We now give a classification theorem for a semi- invariant submersion with totally 
umbilical hbers which is similar to that Theorem 6.1 of [T^l P-96], therefore we omit 
its proof. We note that Lemma W% implies that one can use the method which was 
used in the proof of Theorem 6.1 of |12) . 

Theorem 4.3. Let F be a semi-invariant submersion with totally umbilical fibers 
from a Kahler manifold (M\,g\,J) onto a Riemannian manifold (M 2 ,g 2 ). Then 
either V 2 is one dimensional or the fibers are totally geodesic. 
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